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Abstract-A perturbation analysis is presented for the transient natural convection flow resulting from the 
sudden generation of a uniform heat flux inside a vertical plate surrounded by a high Prandtl number fluid. A 
matched asymptotic expansion technique is used to construct time-dependent expansion solutions for flows 
near surfaces with zero and finite thermal capacity. Throughout the transient, the flow is found to have the 
same dual-layer structure which is characteristic of the steady flow at high Prandtl number (c). The true 
transient regime, where surface thermal capacity effects are comparable to convection and diffusion effects, is 
shown to correspond to values of the parameter 1 = Q * u -‘I5 between about 1 and 10. For large IJ, the time to 
steady state is found to increase proportional to e 3/S Uniformly valid expansions for the velocity and . 
temperature profiles near the surface are found to be in good agreement with calculated solutions of the full 
governing equations for g as low as 16. For surfaces of small thermal capacity, a simple relation for the 
propagation ofthe leading edge effect is also obtained which is consistent with the experimental and theoretical 

results of previous studies at large Prandtl number. 
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thermal capacity of plate per unit surface 

area 
acceleration of gravity 
Grashof number, gfiq”x4/vZk 

fluid thermal conductivity 
local Nusselt number, q”x/k(to - t,) 

heat generation rate per unit of plate area 
thermal capacity parameter, 
c”(g/Iq”v2/k5)1’4 

fluid temperature 
local surface temperature 
temperature of ambient fluid far from plate 
dimensionless temperature 
functions in inner expansion for T 

component of velocity parallel to surface 
dimensionless u velocity, u/(vzgj?q”/k)“4 

functions in inner expansion for U 
functions in outer expansion for U 
component of velocity normal to surface 
dimensionless v velocity, v/(v’g~q”/k)1’4 

functions in inner expansion for V 

functions in outer expansion for V 

vertical distance above the bottom of the 
plate 
dimensionless x coordinate, (Gr:)“” 

leading edge propagation distance 
dimensionless leading edge propagation 
distance, xp/(v’k/gpq”)1’4 

horizontal distance from plate 

dimensionless y coordinate, ~(Gr:)“~/x. 

Greek symbols 

P coefficient of thermal expansion 

;I 
inner stretched y coordinate, or’5 Y 
stretched time variable, e-3/% 

a thermal capacity parameter, Q*o-“‘~ 

; 

kinematic viscosity 
outer stretched y coordinate, o-~/~‘Y 

cr fluid Prandtl number 

r time 
7 dimensionless time. 

INTRODUCTION 

INTECHNOLOGICAL applications where heat dissipating 
surfaces are cooled by natural convection, the im- 
pulsive heating of a vertical surface surrounded by fluid 
often gives rise to a transient natural convection flow. 
The importance of this type of cooling process has 
prompted a number of studies of the transient laminar 
fluid motion and heat transfer which result from the 
sudden generation of a uniform heat flux in a vertical 
plate surrounded by motionless fluid. While some early 
studies [l-3] neglected the effect of the surface thermal 
capacity, more recent investigations [49] indicate that 
appreciablesurface thermalcapacitycanstronglyaffect 
such flows. 

For the flow resulting from the sudden application of 
a uniform heat flux, analytical solutions have been 
obtained [3,4] for the one-dimensional (1-D) portion 
of the transient. These results indicate that the effect of 
the surface thermal capacity is particularly strong 
during the early part of the transient. Integral methods 
[ 1,2] and finite-difference computational schemes 
[7-91 have also been used to predict the transport 
during the entire transient, for surfaces with zero and 
finite thermal capacity. The results of these analyses 
compare favorably with the available experimental 
data [6, l&12]. The propagation speed of the leading 
edge effect predicted by these analyses is also consistent 
with experimental observations [4, 5,7, 11, 121. 

Although there have been a number of previous 
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studies of the transient natural convection flow near a 
suddenly heated vertical surface, there exists little 
information about the systematic behavior of such 
flows at high Prandtl number, The finite-difference 

calculations [779], which have been made for these 
Rows, havebeenat Prandtlnumbers near l,forgases,or 
near 7, for water. The closed-form solutions [3,4] for 
the 1-D portion of the transient may be evaluated for 
any Prandtl number. but they are valid only for short 
times. Gebhart [2] presented solutions for a uniform- 
Rux surface with finite heat capacity for values of 

Prandtl numbers up to 1000. However, the accuracy of 
these solutions is limited by the assumptions of the 
integral method used in the analysis. 

ANALYSIS 

The analysis applies to a flat vertical plate of finite 
thickness and thermal capacity, c”, immersed in an 
extensive body of quiescent fluid at a uniform 
temperature, t,. At time ? = 0, the plate is suddenly 
subjected to a constant energy input uniformly 

distributed over the plate. The input rate per unit 
surface area is 4”. 

Almost all experimental data on transient natural 
convection flows of this type [S, 6, lo-121 have also 
been from flows in fluids with Prendtl numbers near 
either 1 or 7. One exception is the limited observations 
reported by Soehngen [t3] for transient natural 
convection near a uniform-heat-flux plate at a Prandtl 
number of about 10’. 

Rectangular coordinates are used with the x-axis 
vertically upward and the origin at the bottom of the 
plate. The y-axis is normal to the plate with the origin at 
the surface. The velocity components in the x- and y- 
directions are tl and v, respectively. The analysis 
incorporates the non-dimensional variables below. 

t-t, r 
T = (,,2q"J/gpk3)l/4' ' = (/+&")I'" (1) 

(2) 

The present work is an analysis of the transient 
natural convection resulting from the sudden 
generation of a uniform heat flux inside a plate 
immersed in a high Prandtl number fluid. High Prandtl 
number flows of this type may commonly arise in 
engineering applications. High Prandtl number fluids 
are sometimes used as a heat sink in electrical 
transformers. The sudden application of power to the 
transformer produces a transient natural convection 
how. The sudden heating of high Prandtl number 
hydrocarbon and silicone polymers during chemical 
processing operations will often initiate a transient 
natural convection flow. Similar transient flows arise in 
the heating of various liquid food products. Knowledge 
of the resulting heat transfer is often essential for these 
circumstances to avoid overheating the product. 
Transient heat input into thermal energy storage 
devices also may produce a transient high Prandtl 
number flow in the liquid phase of the storage unit. 

x = -..x - = (C;g$)“4, 
(~~2~~g~q”) “4 

The equations governing conservation of mass, 
momentum and energy, in terms of these non- 
dimensional variables, are given below. The usual 
Boussinesq and boundary layer approximations have 
been made 

WI 

In the analysis presented here, a matched asymptotic 
expansion technique, similar to that used by Carey 
[14], is combined with an explicit finite-difference 
computational scheme. Asymptotic transient profiles 
are obtained numerically for the limiting circumstance 
of (r + 5. First-order corrections are also computed so 
the rest&s may be used to predict Row and heat transfer 
at large but finite values of (r. It will be shown that the 
results accurately predict the flow behavior at least in 
the range 16 < (T < X. The major advantage of this 
computational technique is that once they are 
calculated, the results of this analysis can be used to 
construct complete transient solutions for any large 
Prandtl number using Van Dyke’s [15] method of 
additive composition. These results also provide a 
more complete picture of the manner in which the heat 
transfer and flow behavior changes with Prandtl 
number as c + x,. In addition, the results also indicate 
how the effect of the surface thermal capacity on the 
flow changes as G becomes large. 

The initial and boundary conditions are 

T=o: U=V=T=O, (54 

X=0: U=V=T=O, (W 

Y-=0: u= v=o, Q*(~)-~~j= I, (5c) 

Y+m: ti=T=O, (54 

where boundary condition (SC) results from an energy 
balance on the plate and Q* is a Ilon-dimensional 
parameter which depends on the plate thermal capacity 
and the fluid properties 

(6) 

As u -+ co, the coefficient of the second derivative in 
the energy equation vanishes. Hence a singular 
perturbation technique is needed to obtain a solution 
for large 0. Following Carey [ 143, the flow is assumed to 
consist of two regions : an inner region dominated by 
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buoyancy and viscous forces, and an outer region 
where only viscous and momentum effects are impor- 
tant. In the inner region, the Y and time coordinates 
are stretched as follows : 

yI =: (51’51: 0 =I c-3152. (7) 

Inner expansions for U, V and T are taken to be 

U = cr-3’5[Ub+a~‘12U;+a-‘U;+...], @a) 

l’= a-4’5[Vb+~-1’2V;+~-1V;+...J, (8b) 

T=a~“S[Tb+cr-“2T;+Q-1Ta+...]. (8c) 

The inner variables and expansions are chosen so that, 
to lowest order, as a + co, the inner momentum 
equation retains only the viscous and buoyancy terms. 

Writing the governing equations(4a)-(4c)in terms of 
the inner coordinates (7) and expansions @a)-(Ecc), and 
requiring that the equations be satisfied at each level in 
powers of 0, the following systems of equations are 
obtained 

-g + ‘r’* = 0, 

a2 u; 
~ + T; = 0, 
a$ 

+ v’ aT; + 
O all 

“, 3 = 8% 
la? Yp-. 

(W 

(9c) 

(lOa) 

(lob) 

(1Oc) 

In the momentum equation, the lowest order 
convection and time derivative terms are of the same 
order of magnitude as the second-order correction to 
the viscous and buoyancy terms. Hence they do not 
affect the solution to this level of truncation. 

In the outer region, the stretched coordinates and 
expansions are taken to be 

< = r7-311oy, Q = a-3i5z, (11) 

U = o-3’5[U;;+CT-i!2U;+(i-1U;f...f, (12a) 

J’= a-3’10r1/;;+(r-i’2V;+0.-11/2+...], (1%) 

T G 0. (1-w 

The scaling and expansions are chosen so that, to 
lowest order, only momentum and viscous terms are 
retained. The temperature field is exponentially small in 
the outer region and is therefore taken as zero in the 
expansion to O(o- I). 

Substituting in the same manner as for the inner 
equations, the following system of equations are 

obtained for the outer velocity terms 
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(W 

(W 

(19 

(1W -. 

Boundaryconditionsat thesurface(q = 0)andinitial 
conditions for the inner equations are obtained by 
substituting the new variables (7) and expansions 
@a)-(8c) into equations (5a)-(5c). The temperature 
boundary condition at the surface then becomes 

Q*a-4/5 

L 
~(X,O,R)+~-‘:’ ~(x,o;O)+... 

1 

- ~(X,o,0)+a-‘:2 drl ~(X,O,O)f... 
I 

= 1. 

Obviously, the order of magnitude of Q* dictates the 
nature of this boundary condition. If Q* = ~?(a~‘~), 
then a time derivative remains in the lowest-order 
boundary condition. However, if Q* is small relative to 
04j5 the time derivative may be neglected. Here, two 
types of conditions are considered. First, if Q*g-“” is 
less than O(rr-“‘), the boundary conditions on To and 
T; become 

~;(x,o,s)= -1, ~(X,O,f?)=O. (161 

This applies for surfaces ofnegligible thermal capacity. 
When Q* is of 0(04i5), the surface thermal capacity 
effect is comparable to convective and diffusion effects 
in the flow. This is the regime of ‘true convection 
transients’ described by Sammakia and Gebhart [7,8]. 
For smaller values of Q*, the response is close to a 1-D 
transient until steady-state temperature is achieved, 
which occurs relatively quickly. For very large Q* the 
process begins and remains quasi-static. For Q* 
= 0((r4j5), I is defined as 

,J, = Q+a-415 
(17 

The boundary conditions on To and T; become 

UfW 

Note that for Q* = A. = 0, equations (Isa) and (18b) 
reduce to equation (16). If 1 = 1 and 10 are arbitrarily 
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QUA%-STATIC REGIME 

I- limits of true transient 

indicated by Sammakia 

ONE DIMENSIONAL 

CONDUCTION TRANSIENT 

FIG. 1. The regimes oftransient natural convection flow resulting from the sudden generation ofa uniform heat 
flux in a vertical plate with finite thermal capacity. 

chosen as the boundaries of conditions corresponding 
to true transients, it is then possible to lay out a map of 
the different regimes in the (r-Q* plane. This is done in 
Fig. 1. Also shown in Fig. 1 are the Q* ranges for the true 
transient regime suggested by Sammakia and Gebhart 
[7,8] based on their numerical calculations for e 
= 0.72 and 7.6. It can be seen that the range 1 < II < 10 
agrees well with the values suggested by Sammakia and 
Gebhart [7,8] at these Prandtl numbers. 

The boundary conditions far from the surface (5 
-+ co) and the initial conditions For the outer equations 
are obtained by substituting the relations (11) and (12) 
into equations (Sa), (Sb) and (5d). The outer (rl+ GO) 
boundary conditions for the inner equations and the 
inner (c -+ 0) boundary conditions for the outer 
equations are obtained by matching the inner and outer 
expansions. Since the inner and outer x (X) and time(S) 
scales are equal, the inner and outer expansions can be 
matched For fixed X and 6. The method used here is 
virtually identical to that of Carey [14]. Since the 
matching process is described in detail in ref. [ 141, only 
the results are presented here. 

Combining the results of matching with the required 
conditions at B = 0, X = 0, q = 0 and { + m, the full 
boundary and initial conditions for the inner and outer 
equations are 

at e=o: ug=Ve=Te=O, (19a) 

x=0: r&=V~=Te=o, (19bJ 

q=o: V*=V$=O, A$&+, (19c) 

(2W 

(2Ob) 

at 

r = 0: u;; = /loo, VA = 0, 

t; -+ co: u; =o, 
@=O: v;=V;=T;=o, 

x=0: v;=v;=T;=o, 

(2W 

(204 

(2la) 

(2lb) 

q=o: v;=v;=o, ,$&T=o, (214 

au; q+co: -=All, 
all 

T; =o, (214 

at 8=0: u;=v;=lo, t22a) 

X=0: v;=v;=:0, (22b) 

5=0: U’;=A,,, V;=B,,, (22cl 

{-co: v;=o, 122dl 

where 

&(X, 8) = hm WX, q, 4, 
‘I-m 

(234 

A,,(X,@) = ~(X,O,~), (23bf 

A,dX,@ = lim CV;(X,II,B)-A,,(X,~)~~I, WC) 
v-m 

i-&(X,@) = %(X,0, et, (234 

L&(X, t? = lim [ WX, q, BP-B,,(X, @I. (234 
tl’m 

Note in equations (19c) and (21c), that when I = 0, the 
boundary conditions reduce to those for a surface of 
negligible therma capacity (Q* smaI1). 

The system of equations (9), (lo), (13) and (14) 
together with the corresponding boundary and initial 
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conditions from equations (19H23) were solved 
numerically using an explicit finite-difference scheme. 
The flow region was divided into a grid with m and n 
spacings in the X and Y directions. Second-order 
derivatives were written in central differences, forward 
differences were used for the first-order derivatives in r~, 
e and 8, and a backward difference was used for X 
derivatives. From a series of calculations with different 
grid sizes and time steps, it was concluded that m = 20, 
n = 32 and A0 = 0.008 would yield acceptable 
accuracy. 

The value X,,, = 100 was considered to represent 
the total height of the plate, and qmax = &,,,, = 16 were 
considered to represent q = co and 5 = co. This is 
equivalent to a value ofthe Grashofnumber, Gr,*, of 10’ 
at the end of the plate. The numerically calculated inner 
and outer solutions were matched in the required 
manner at each time step. A discussion of the details of 
this process may be found in ref. [14]. 

RESULTS AND DISCUSSION 

The V-velocity and X-derivative terms in the 
governing equations are zero during the initial 1-D 
portion of the transient. This reduces the governing 
equations and boundary conditions to a Iinear system 
for which closed-form solutions exist. For Q* = 1 = 0, 
it is easily shown that the solutions for the early portion 
of the transient are 

r 
Tb = 2JO i erfc m ( > , T; = 0, (24a) 

Ub = 8@” 

U; = -6~ (24b) 

5 
U$ = 803’2 i3 erfc __ 

( > 2Je ’ 
u; = 0, (24~) 

I I 

60- 

(b) 

FIG. 2. (a) Calculated lowest-order and (b) first-order inner velocity profiles at various 0 for Q* = 0 and X = 100. 
Also shown for f3 = 2,4 and 6 are the corresponding results for the closed-form solution (0) for the early 

portion of the transient. 
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q = v; = vg = v; = 0, (244 

where i3 erfc (0) = 0.0940. The lowest-order inner and 

outer solutions for the U velocity can be combined 
using the method of additive composition [lS] to 
obtain the following uniformly valid solution for the 
U velocity 

the 1-D transient behavior and T’r and U’i become non- 
zero. 

The values of ‘&, U’b, Ug and U’, calculated from the 
closed-form solutions (24a))(24d) are also shown in 
Figs. 2-4, for 0 = 2, 4 and 6. It can be seen that the 
numerical calculations are in excellent agreement with 
the closed-form solutions for the early portion of the 
transient. 

In Figs. 2-4, it can be seen that the U& T0 and V6 
profiles increase monotonically to their steady-state 
shape, except for a slight overshoot in the outer edge of 
the T0 profile. However, the T;, U, and U; profiles 
overshoot their steady-state values at some locations 
during the transient. These results imply that the local 
overshoot of the temperature and u velocity during the 
transient diminishes with increasing Prandtl number, 
and, in the limit as rr -+ CC, it almost disappears. 

Using the method of additive composition, the inner 
and outer expansions for U may be combined to form a 
composite expansion which is valid everywhere. 
Applying this technique to expansions (8a) and (12a) 
yields 

U = 8r3~2ri~3~2[i3erfc[&) 

+... (25) 

The uniformly-valid solution for U (25) agrees with the 
corresponding solution obtained by Goldstein and 
Briggs [4] as 0 -+ co. 

The numerically calculated U&, U’,, Tb, T;, r/g and 
Ui profiles, at various 0 values, are shown in Figs. 24 
for Q* = i = 0 and X = 100. During the 1-D transient, 
the numerically calculated values of T', and Uy remain 
zero, as predicted by the closed-form solution. At 
X = 100, the leading edge effect is not felt until about 
H = 6.5, whereupon the solution begins to deviate from 

(a) 

0 I = 100 

(b) 
0 2 4 6 IO 12 14 16 

7 

FIG. 3. (a) Calculated lowest-order and(b) first-order inner temperature profiles at various fI for Q* = 0 and 
X = 100. Also shown in (a)for B = 2,4 and 6 are the corresponding results for the closed-form solution (0) for 

the early portion of the transient. 
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2or 

(b) o 

0 2 4 6 8 I4 f 

FIG. 4. (a) Calculated lowest-order and (b) first-order outer velocity profiles at various B for Q* = 0 and X 
= lOO.Alsoshownin(a)forO = 2,4and6arethecorrespondingresultsfortheclosed-formsolution(~)forthe 

early portion of the transient. 

u - 

+a-3’5[U~(X,~,u)+0.-1’2U;r(X,~,e)+...] 

-CT -y&,(X, U)fo-‘~2(A,,(X, 0) 

+4,K@q)+...l, (264 

which can be rearranged to obtain the series 

u _ (r-““[Ub(X,rl,~)+U’~(X,5,0)-A,,(X,8) 

+~-1’2{u/;(x,~,u)+ u;(x,[,o) 

-A,,(X,O)--At1(X,Bftl)+...l, WW 

where v = &‘Y < = o-3/10Y and B = (~-~!sr. 
Using the composite expansion (26) for the U 

velocity and the expansion (8~) for the temperature 
field, the results of the perturbation analysis were 
compared with the calculated solution of the original 
equations and boundary conditions, equations (4) and 
(5), for c = 16 and Q* = 0. The full solution for CT = 16 
was computed using the finite-difference scheme 

described in the previous section, with X,,, = 100, 

Y,,, = 40, n = 80, m = 20, and a time step Ar = 0.02. 
The full solutions for U and Tare shown in Fig. 5. The 
corresponding results of the perturbation analysis, 
shown as data points in Fig. 5, agree well with the full 
solution profiles. 

The lowest-order and first-order terms in the 

expansions for U and T were also calculated for 1 = 1 .O. 

The resulting U& V’,, To, T;, Vh and U; profiles for 
various values of B are shown in Figs. 6-8. 
Cjualitatively, these profiles are similar to those 
obtained for A = 0. However, the profiles approach 
their steady-state shapes more slowly for I = 1.0 than 
for i = 0, due to the storage of thermal energy in the 
surface. 

For cr = 16,1 = 1.0 corresponds to Q* = 9.190. The 

full solutions of the original governing equations, for 
(T = 16 and Q* = 9.190, were calculated in the same 
manner as those for CJ = 16 and Q* = 0. A comparison 
of the resulting U and T profiles with corresponding 
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O- :I6 
Q” = 0 
x = 100 

(b) 

FIG. 5. U and (b) T profiles calculated at various 0 for cs = 16 using the full equations (-) for Q* = 0 
and X = 100. Also shown are the corresponding values calculated using the results of the perturbation 

analysis (0). The solid circles correspond to steady state (z = 160). 

results of the perturbation analysis is shown in Fig. 9. 
The results of the perturbation scheme again agree well 
with the full solution profiles. 

Using the definition of T in equation (1) together with 

equation(8ck one can easily show that the local Nusselt 
number is given by 

NM, = 
01’5(Gr:)“” 

Tbw, O,@) 
l-a-1’2 T;w, O,@) 

qx, 0, e) +. ‘. 1 ’ 

(274 
Q = y3+. CW 

The local Nusselt number for given values of X, r and 
Prandtl number can therefore be determined from 
equations (27a) and (27b) and the numerically 
determined values of T0 and T; at r) = 0. A major 

advantage ofthis type ofanalysis is that once Tb(X, 0,6) 
and T;(X, O,(3) have been computed for various X and 
8, Nu,(X, e) can be determined for any large Prandtl 
number and Gr:. 

Goldstein and Eckert [lo] presented measurements 
of the transient variation of the local surface 
temperature resulting when a thin foil immersed in 
water is suddenly loaded with a uniform heat flux. Their 
data for one downstream(x) location are shown in Fig. 
10. These data correspond to cr = 6.4, Q* = 0.14 and X 
= 85. Also shown in Fig. 10 is the surface temperature 
variation predicted by the perturbation analysis for CJ 
= 6.4, Q* = 0, X = 85. It can be seen that the predicted 
profile agrees fairly well with the data, although it is 
about 7% low at steady state. However, considering the 
low value of Prandtl number, some deviation is 
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(4 I I 1 I 

0 2 4 6 8 IO 
? 

(b) 
0 

0 2 4 6 8 IO 
‘) 

FIG. 6. (a) Calculated lowest-order and (b) lirst-order inner velocity profdes at various 0 for I = 1.0 and X = 100. 

expected. The steady-state value predicted by the 
asymptotic analysis of Hieber and Gebhart [16] for 
large CJ is also indicated. This result agrees with the 
value predicted by the present analysis within about 

3%. 
As indicated in Fig. 1, unless the surface thermal 

capacity is very large, its effect on the flow is small at 
large 0. Hence, in many high Q flows, 1 may be taken as 
zero with little loss in accuracy. For 1= 0 and large CT, a 
simple approximation for the propagation of the 
leading edge effect may be determined as follows. The 
leading edge disturbance is assumed to propagate with 
the maximum u, velocity in the flow during the 1-D 
portion of the transient. For large CT, the maximum u 
velocity is taken to be that predicted by the lowest- 
order inner solution for U. Using equation (24b) for V& 

the following relation is obtained for urnax 

U mm = 8i3 erfc (0)o-3’2(g~q”/k)v1~2~3~2. (28) 

The maximum propagation distance of the leading 
edge effect is determined by 

s 

F 
xp = u,&*) dz*. (29) 

0 

Substituting equation (28) into equation (29), 
integrating and casting the result in dimensionless form 
yields 

x, = o.3009CT-3’~zJ’z = 0.3009P. (30) 

This approximate relation is plotted in Fig. 11 along 
with the relations for the propagation of the leading 
edge effect determined by Goldstein and Briggs [4] for 



m x-10 

L_--_! x =I00 

(4 

2.0 

I .o 

0.0 
0 2 4 6 8 IO 

? 

i18r I 1 

FIG. 7. (a) Calculated lowest-order and (b) first-order inner temperature profiles at various B for i = 1 .O and 
x=100. 

I, 

“0 

(a) 

(b) 

0 
0 2 4 6 12 14 I6 

15 

i 

U; 

0 
0 2 4 6 

FIG. X. (a) Calculated lowest-order and (b) first-order outer velocity profiles at various (I for it = 1.0 and 
x=100. 
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Flc;. 9. (a) 
andX = 

(a) Oc 

0- = 16 

x = 1.0 

x = 100 

U and(b) Tprotiles calculated at various 0 for 1 = 16 using the full equations (-) for i, = 1 (Q* = 9.19) 
100. Alsoshownare thecorrespondingvaluescalculated using the resultsoftheperturbationanalysis 

(0). The solid circles correspond to steady state (t = 160). 

steady-state value predicted 
by the asymptotic analysis 
of Hieber and Gebhart [l6] 
for large 0 

- experimental data of Goldstein and 

Eckert [IO] for - = 6.4, Q’ = 0.14, 
X=85 

of perturbation analysis for ^S ^ 

I I I I I 1 I I 

20 40 60 80 
T 

FK. 10. A comparison of the measured surface temperature data ofGoldstein and Eckert [lo] for a thin heated 
foil in water with the temperature rise predicted by the perturbation analysis for Q* = 0 at the same conditions. 
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I 
experimental data 

theory of Goldstein 

and Briggs [4] 

7:: ;: loo0 
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FIG. 11. The propagation of the leading edge effect predicted by 
the asymptotic theory for D --t cc (-). Also shown are the 
predictions of Goldstein and Briggs [4] for IJ = 10 and 100, 
and data from Goldstein and Eckert [lo] for d = 6.4 and 

Soehngen [13] for u = 105. 

o = 10 and 100. Also shown are measured leading edge 
data from the studies of Goldstein and Eckert [lo] and 
Soehngen [13]. The asymptotic relation (30) is 
consistent with the trend in the predictions ofGoldstein 
and Briggs [4] as D -+ co. The experimental data 
confirm that scaling of r with Q- 3/5 is appropriate for 
high Prandtl number flows. However, all the data are 
slightly low relative to the asymptotic relation. This 
slight over-prediction may be due to small surface 
thermal capacity effects in the experiments which are 
not taken into account in deriving equation (30). 
Nevertheless, the mathematical simplicity of equation 
(30) makes it attractive as an approximate method of 
predicting the propagation of the leading edge effect in 
these high Prandtl number flows. 

CONCLUSIONS 

At high Prandtl number, the transient natural 
convection flow resulting from the sudden generation 
of a uniform heat flux in a vertical surface is 
characterized by two layers. An inner region exists near 
the surface which is dominated by viscous and 
buoyancy forces, while further from the surface an outer 
region exists which is dominated by viscous and 
momentum effects. The study of Hieber and Gebhart 
[ 161 established this structure for the steady-state flow 
near a uniform-heat-flux surface. The present work 
indicates that this dual-layer structure exists through- 
out the transient as well. 

The method of matched asymptotic expansions has 
been used to calculate time-dependent expansion 

solutions for the inner and outer regions of the flow. 
These may be combined to form uniformly-valid time- 
dependent solutions for any large Prandtl number. The 
two-term composite expansions were found to be in 
good agreement with numerically calculated solutions 
of the full governing equations for CJ at least as low as 16. 

As CT + co, the results of the analysis indicate that Q* 
must be of O(a4j5) for surface thermal capacity effects to 
be of the same magnitude as diffusion and convection 
effects in the boundary layer. This suggests that the true 
transient regime described by Sammakia and Gebhart 

[7,8] corresponds to 1.0 < Q*am4j5 < 10 as (r-+ co. 
Values of Q*u-“j5 > 10 correspond to the quasi-static 
regime, while Q*o- 415 < 1 corresponds to the 
conduction transient regime. These boundaries of the 
true transient regime are consistent with the limiting 
Q* values suggested by Sammakia and Gebhart [7, S] 
at (r = 0.72 and 7.6. 

For large C, the time to steady state is proportional to 
c?/~. This agrees with the relation for the time to steady 
state obtained by Siegel [l] using an integral analysis, 
in the limit as r~ + co. 

It has also been shown that the lowest-order inner 
solution, U& provides an estimate of the propagation of 
the leading edge effect for Q* = 0 and large 0 which is 
consistent with the large Q trend of the theory of 
Goldstein and Briggs [4]. However, the approximate 
relation predicts a propagation speed which is slightly 
greater than that indicated by measurements in water 
[lo] and a high Prandtl number polymer [13]. This 
slight overprediction may be due to small surface 
thermal capacity effects in the experiments which are 
neglected in this approximate prediction. 
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EFFETS DE CAPACITE THERMIQUE DE SURFACE EN CONVECTION NATURELLE 
VARIABLE A NOMBRE DE PRANDTL ELEVE 

R&urn-On prbsente une analyse de perturbation pour la convection naturelle variable qui resulte de la 

creation soudaine dun flux de chaleur uniforme dans une plaque verticale dans un fluide a nombre de Prandtl 
Bleve. Une technique de dtveloppement asymptotiqueest utiliseepour construire des solutions d&pendant du 

temps pour l’tcoulement pres des surfaces a capacite thermique nulle ou finie. Durant la transitoire, 
l’ecoulement a la meme structure de couche duale qui est caracteristique de I’bcoulement permanent a grand 
nombre de Prandtl (0). Le vrai regime transitoire, celui od les effets de la capaciti thermique de la surface sont 
comparables aux effets de la convection correspond aux valeurs du parametre 1 = Q* e-415 comprises entre 1 
et 10. Pour les grands 0, le temps d’etablissement du regime permanent est proportionnel a c3j5. Des 
diveloppements uniformtment valables pour les profils de vitesse et de temperature pres de la surface sont en 

bon accord avec les solutions des equations de base calculees pour d aussi petit que 16. Pour des surfaces de 
faible capacite thermique, une relation simple pour la propagation de I’effet de bord d’attaque est obtenue et 
elle est en accord avec les resultats thtoriques et exptrimentaux d’etudes anterieures pour les grands nombres 

de Prandtl. 

EINFLtiSSE DER 0BERFLkHENWWRMEKAPAZIT;iT AUF INSTATIONARE 
NATURLICHE KONVEKTIONSSTRC)MUNGEN BE1 HOHEN PRANDTL-ZAHLEN 

Zusammenfassung-Eine Stijrungsanalyse wird fur die instationare natiirhche Konvektionsstriimung 
vorgelegt, die infolge der pliitzlichen gleichmll3igen Beheizung einer senkrechten Platte, welche von einer 
Fliissigkeit mit hoher Prandtl-Zahl umgeben ist, entsteht. Urn fur Strijmungen in der Nahe einer Oberflache 
mit vetschwindender oder endlicher Warmekapazitat zeitabhingige Liisungen zu linden, wird ein geeignetes 
asymptotisches Entwicklungsverfahren angewandt. Wahrend des instationaren Vorgangs hat die Stromung 
die gleiche Zweischichtenstruktur, die fur die stationare Striimung bei hohen Prandtl-Zahlen (0) 
charakteristisch ist. Der tatsachliche Ubergangsbereich in dem die Einfliisse der Oberflachenwarmekapazitlt 
vergleichbar sind mit denen von Konvektion und Diffusion, entspricht Werten des Parameters i = Qu-“‘” 
zwischen ungefahr 1 und 10. Fur groI3e c nimmt die Zeit bis zum Erreichen des stationaren Endzustands 
proportional mit u3” zu. Allgemeingiiltige Ausdriicke fur die Geschwindigkeits- und Temperaturprofile an 
der Oberfllche stehen in guter Ubereinstimmung mit berechneten Losungen der Bilanzgleichungen fur B bis 
maximal 16. Bei Oberflachen mit kleiner Wlrmekapazitat ergibt sich such eine einfache Gleichung fur das 
Fortschreiten des Fronteffekts, die mit experimentellen und theoretischen Ergebnissen friiherer Unter- 

suchungen bei hohen Prandtl-Zahlen iibereinstimmt. 

BJIMRHHE TEIIJIOEMKOCTH IIOBEPXHOCTM HA HECTAHWOHAPHOE 
ECTECTBEHHO-KOHBEKTHBHOE ABM)KEHME IIPM 6O.JIbIBMX qWC_JIAX IIPAHATnR 

AHHoTanm-MeTonaMn BO3MymeHnii paCCMOTpeH0 HeCTaunOHapHOe eCTBeCTBeHAO-KOHBeKTnBHOe 

IIBA~eHne. B03HHKaIOmne npn BHe3anHOM BKJImSeHAR OAHOpOLIHOrO TenJIOBOrO nOTOKa C BHyTpeHHeii 

CTOpOHbI BepTAKaIIbHOi? nJIaCTnHb1, nO;py~eHHOfi B XWJIKOCTb C 60nbumM %,CJIOM f,paH~T,Ia. MeTon 

CpamnBaeMbIX aCHMnTOTR’IeCKAX pa3JIOmeHnii npnMeHaeTCa &“,I OTbICKaHAa 3aBHCamHX OT B~MeHH 

,XL”eHPlti JL”R TeVeHnfi y nOBepXHOCTeti C Hy,IeBOii II KOHeYHOii TenJIOeMKOCTbm. BbIaCHeHO, VT0 B 

nepeXOnHOM peWiMe nOTOK AMeeT TaKym a(e nByXCJIOfiHyI0 CTpyKTypy, KOTOpaa XapaKTepHa JTJIS 

ycraHoeuemerocn noToKa npn 6onbmux wcna fIpaHnTnn (a). noKa3aH0, qT0 neRcTsaTenbH0 

HeCTaWOHapHbIi? pexnM, B KOTOpOM 3@eKTbI TenJIOeMKOCTn nOBepXHOCTn CpaaHnMbI C Z++$eKTaMM 

KOHBeKIIAH A Ltn+j,y3nn, COOTBeTCTByeT 3Ha’IeHAaM napaMeTpa i. = Q*0-4’5 npn6na3sTenbHo MexKny 

1 H 10. &ta 6onbmex g opera AOcrA~eHHa CTaunoHapHoro COCTOXHHII pacTeT nponopueoHanbH0 

+. HaiiAeHo, ‘IT0 OAHOpOAHbIe pa3JIO~eHna &“a npO+n,Ieii CKOpOCT‘I II TeMnepaTypbI GKO,IO 

nOBepXHOCTn XOpOmO COrJIaCyIOTCa C nOJIy’IeHHbIMH ~IIIeHnaMA nO.“HbIX ypaBHeHuii LIJIR 0 OT 16 n 
BbIIIIe. ,@a nOBepXHOCreti C MaJIOii TenJIOeMKOCTbIO HafiAeHO TaKxe npOCTOe COOTHOIIIeHNe iLTla 

paCnpOCTpaHeHAa nepeLIHer0 +pOHTa, KOTOpOe COrJIaCyeTCa C 3KCnepnMeHTaJIbHbIMn II TeOpeTWIeCKMMM 

pe3yJIbTaTaMH paHee npOBeDeHHbIX WCCJIeAOaaHnI? npn 6onbumx ‘InC,laX npaHnT,Ifl. 


